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I. INTRODUCTION
Electron scattering due to the interaction with elementary excitations of many kinds of physical systems, and in a wide variety of modalities, has been a useful tool for the experimental physics, chemistry, and material science research. 1, 2 One of the most versatile experimental techniques for the study of the electronic structure, and other associated physical properties of non homogeneous systems is electron energy loss spectroscopy (EELS). In EELS experiments, a material is exposed to an electron beam which possess an energy in the appropriate range to interact with the elementary excitations of that system. Some of the electrons of the beam lose energy and exchange momentum due to this inelastic scattering. The analysis of the energy and momentum exchanges provide rich information about the energy spectra of the elementary excitations and other physical characteristics of the system. 3 In the present work, the electron energy loss theory developed by Fuchs et al. [4] [5] [6] is adapted to investigate theoretically the dipolar properties, dielectric, paraelectric, and ferroelectric 7 of two-dimensional (2D) arrays of selfassembled quantum dots. A quantum dot (QD) of this kind is a semiconductor nanostructure which confines in the three spatial directions one or more electrons. 8 The dielectric function and the energy loss function, namely, the probability of electron energy loss per unit energy interval, unit time, and unit length, for several conditions and several 2D distributions of quantum dots are calculated. Homogeneous as well as non-homogenous 2D arrays composed by QDs of different confinement potentials are analyzed.
The model here considered for a 2D granular nanocomposite composed by a Al x Ga 1-x As matrix, containing embedded GaAs QDs is the following: the matrix is assumed to be a continuous semiconductor medium where the electron has an effective mass m e ¼ 0:0962 containing embedded QDs of three possible geometries (spherical, cylindrical, or conical), where the electron has an effective mass m e ¼ 0:063. Three kinds of QDs distributions will be considered here; in the first one, that would correspond to the dielectric case, it is assumed a distribution of independent QDs that in the presence of an external electric field acquire a dipolar moment. In the second kind, paraelectric case, we assume a distribution of independent QDs with an intrinsic dipolar moment. In the third one, we assume a distribution of interactive QDs.
In the ferroelectricity phenomenon, the ordering forces come from strong long-range electric dipolar interactions. It has been exhaustively discussed that the mean-field theoretical approach becomes exact in the long-range limit of equal interactions between all constituents. 9 Assuming that this is the condition in an infinite 2D QD distribution, we adopt a mean field approximation to describe a system of interacting QDs. Furthermore, we consider that additionally to the mean field interaction, the QDs interact through a wetting layer. 10 The coupling among the quantum dots through this wetting layer yields that the electronic states exhibit a probability of localization predominantly within the quantum dots, but there exist also a probability of being located outside them, i.e., in the region of the wetting layer.
II. ELECTRON ENERGY LOSS DUE TO HOMOGENEOUS QD DISTRIBUTIONS
The procedure by which we address the description of some ferroic properties of 2D distributions of QDs is the following: the eigenfunctions and eigenvalues of the quantum dots are found solving numerically the time independent Schrödinger equation by using a finite element package.
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From the knowledge of the eigenstates, W i the corresponding electric dipolar momentsp i are then obtained by means of the expression,p From here, the electric susceptibility, the dielectric function, and other quantities can be directly calculated.
If the eigenfunction W i has a definite parity, the dipolar moment is null. The three geometries of the confinement potential mentioned above generate eigenfunctions of definite parity. The azimuthal symmetry can be broken by adding an external electric potential. This is the physical situation we will consider to investigate the dielectric properties of QD distributions. For the discussion of the paraelectric and ferroelectric cases, in addition to this external field, we will consider another electric field, E ext , that interact with the dipolar moment of the QDs to align them, counteracting the disorientation effect of thermal fluctuations.
To study the alignment of the interactive QDs' dipolar moments generated by an external field, an internal potential originated in the QD distribution is assumed. 12 This would be the behavior analogous to a ferroelectric response in a molecular ferroelectric material. In this way, the Hamiltonian of the system can be written in the form
where p iz and p jz are given by expression (1) , and E ext is a constant which in this work has been taken as 1 meV/nm. In the Ising approximation, this Hamiltonian can be cast into
with k the coordination number and J the exchange integral. By defining the internal field in the mean field approximation by the expression
we arrive to a Weiss form of the Hamiltonian
that can be rewritten in the form
The internal constant field, E int , value can be properly chosen to describe the main symmetries and the intensity of the interaction among the nearest neighbors.
By following this model, the numerical solution of the time independent Schrödinger equation allows us to calculate the linear dielectric response function, and on these basis to describe the dipolar properties: dielectric, paraelectric, and within the limitation of a mean field approximation, the ferroelectric ones of the QD distribution. Furthermore, it has been shown that by the knowledge of the dielectric function it is possible to calculate the energy loss function of an electron beam traveling parallel to the surface that contains the quantum dots, i.e., the probability that the electron beam loss energy due to the interaction with the QD distribution per unit path length and unit energy. Since this quantity is measured in EELS experiments, it could be the procedure to test experimentally our theoretical predictions.
First, the dielectric properties of a 2D homogeneous distributions of QDs are analyzed on the basis of the energy loss function. We consider an electron beam with speed v l , energy E l ¼ 100 keV, traveling parallel to the surface that contains the quantum dots.
The probability per unit path length and per unit energy interval, of scattering with energy loss E, is given by 6 FðEÞ ¼ 1
where K 0 is the modified zeroth-order Bessel function, a 0 is the Bohr radius, E l and v l the energy and velocity of the incident electron beam, respectively, and z 0 is the impact parameter that typically has the value of some few nm. We start assuming independent QDs, then, to describe homogeneous arrays, one may introduce a linear density of these QDs to obtain directly the total energy loss function per unit length and unit time. Empirically, we have found that for QDs of radius r ¼ 4 nm, if the density is chosen to be 3:5 Â 10 5 QDs per linear centimeter, the electronic density of QDs do not overlap, behaving the QDs as independent.
We aim to use the theoretical procedure developed by Fuchs et al. 4, 5 to analyze the dielectric response of nanocomposites, to investigate the dielectric properties of the QD distribution. To study these granular nano-composites by simulating EELS experiments, we consider an electron beam traveling parallel to the surface with an energy E l ¼ 100 keV and calculate the energy loss function for several physical situations. Some other proposals to analyze the dielectric response of independent QDs of different nature have been reported in the literature. 13, 14 In Fig. 1 , the energy loss probability for the three geometries of the confinement potential mentioned above and for two different QDs radii are depicted. The behavior of the energy loss probability exhibits evident differences for QD of r ¼ 4 nm in comparison to the corresponding energy loss for the QD of r ¼ 10 nm. For QDs of r ¼ 4 nm there appears a shift in the energy of the maximum probability belonging to the distribution of QDs of cylindrical geometry, respect to the energy of the peak for the distributions with other geometries of the QDs. This shift is related to the fact that the average energy of the transitions in cylindrical quantum dots is lower than the corresponding to the other geometries. Notice that when the radius increases, the probability peaks move toward lower values. The density considered in these distributions is, for QDs of r ¼ 10 nm, 1:5 Â 10 5 QDs per linear centimeter.
In Fig. 1 , it is also observed that for the distribution with QDs of r ¼ 4 nm, the probability that the electron beam loses energy, producing transitions within the QD electronic system, is smaller in comparison with the case in which the distribution is conformed by QDs of r ¼ 10 nm. However, the latter distribution exhibits the peak of the resonance at smaller values of the energy loss.
III. ENERGY LOSS FUNCTION DUE TO INHOMOGENEOUS QD DISTRIBUTIONS
Now we consider inhomogeneous distributions by mixing quantum dots of two different geometries, the graphs of the corresponding energy loss functions are shown in Fig. 2 . Since we are considering non interacting QDs, the following relation can be used to calculate the energy loss function:
where a and b stand for the two different QDs geometries. Fig. 2 shows the graphs of the energy loss function for inhomogeneous QD distributions of radius r ¼ 10 nm. As in Fig. 1 , it is assumed an electron beam of energy E l ¼ 100 keV with an impact parameter z 0 ¼ 1 nm and a damping coefficient c ¼ 1 Â 10 4 1 ns . The first row of graphs corresponds to distributions of independent QDs; in this way, the analogous to the dielectric properties of the distribution is explored. The second row shows the loss function for distributions of independent QDs, but these having an intrinsic dipolar moment. The third row shows the energy loss function due to distributions conformed by interactive QDs in the mean field approximation discussed above. The rule of mixing of the QDs in the distribution is given by expression (8) . The first column shows the behavior of the energy loss function as a function of the energy loss, corresponding to distributions of spherical QDs mixed with cylindrical QDs, the second column contains the energy loss function calculated for non homogeneous distributions of spherical QDs mixed with conical QDs. In the third column, there appears the results corresponding to inhomogeneous distributions of cylindrical QDs mixed with conical QDs.
In the first row, corresponding to the dielectric case, we observe that the behavior of the energy loss function does not vary drastically for any of the three different distributions (Figs. 2(a)-2(c) ). The peak of the curve is around an energy loss of 130 meV, indicating that the probe beam is unable to distinguish between the two geometries conforming these distributions. A similar behavior of the energy loss function is shown for the paraelectric case (Figs. 2(d)-2(f) ).
In the third row of Fig. 2 which corresponds to distributions of interactive QDs, namely a sort of ferroelectric
loss probability: (a) spherical and cylindrical independent QD distribution; (b) spherical and conical independent QD distributions; (c) cylindrical and conical independent QD distribution; (d) distribution conformed by spherical and cylindrical independent QDs with intrinsic dipolar moment; (e) distribution conformed by spherical and conical independent QD with intrinsic dipolar moment; (f) distribution conformed by cylindrical and conical independent QD with intrinsic dipolar moment. Graphs (g), (h), and (i) show the corresponding energy loss function for inhomogeneous distributions of interactive QDs. distribution, we may observe that there appear two peaks at well differentiated values of the energy loss; these peaks indicate that it is possible for these conditions that the field generated by the incident beam couples to the dipolar moment of the distribution, producing energetic transitions in the distributions. It must be pointed out that the energy loss function is sensitive to the QD size. Of course, given the roughness of the mean field approximation for strongly correlated systems, one would expect that our estimations about the ferroelectric behavior of the QD distribution would be more accurate for physical conditions far from the transition.
IV. DIELECTRIC RESPONSE OF QD DISTRIBUTIONS
QDs can be thought as artificial atoms whose electronic properties can be, at some extent, tailored. When dealing with distributions of interactive QDs, it is expected that the collective response of the system is also sensitive to changes in the design parameters of the QDs. The effective response of these materials to a beam of electrons traveling parallel to the plane that contains the QD distribution, is determined by the dielectric function of the inclusions and the matrix. In a distribution of quantum dots the values of the dielectric function and the allowed energies of the QDs are discrete and the transitions between different quantum states are induced by the interaction with the electric field of the electronic beam. The excited states decay after a certain relaxation time 1 c . To calculate the dielectric function, we solve numerically the time independent Schrödinger equation for various geometries of QDs. The eigenfunctions in this way obtained, allows us to calculate the respective QD dipolar moment, and from here, it is possible to construct the dielectric function. For a QD distribution, the dielectric function is given by 15 ðxÞ
where h/ j jxj/ 0 i is the matrix element of the transition between the zeroth and the jth states, E j ¼ hx j is the energy difference between the final and ground states, and hx is the incident electron beam energy.
From Eq. (9), we obtain that the imaginary part is given by 00 ðxÞ
and the real part is
From the real and imaginary parts of the dielectric function, one may obtain some insights on the excitation and relaxation processes of the distribution collective modes.
A. Imaginary part
The imaginary part of the dielectric function 00 is related to the decay processes of the electronic states, i.e., the processes that dissipate energy from the electronic QD system. For a distribution of spherical QDs with radius 10 nm, and a damping coefficient c ¼ 1 Â 10 4 1 ns , 00 has the behavior shown in Fig. 3 . In the graph (a), it is depicted the imaginary part of the dielectric function corresponding to a distribution of independent QDs, in (b) there appears 00 for a distribution of independent QDs with intrinsic dipolar moment and the graph in (c) for a distribution of interactive QDs. The linear density of QDs in the distribution is 1:5 Â 10 5 . In the dielectric and paraelectric cases, the peak of the energy loss function appears approximately at the energy loss of 200 meV. On the other hand, for the case of a distribution of interactive QDs, the peak in the imaginary part of dielectric function is lower in comparison to the other two distributions and is located about a loss of energy of 160 meV. As it was expected, there exists a difference in the behavior of the imaginary part of the dielectric function corresponding to a distribution of independent QDs respect to the ferroelectric-like behavior. This is because, in the latter, the imaginary part of the dielectric function is related to the dissipative processes belonging to relaxation of collective states of the system.
B. Real part
The imaginary part of the dielectric function for the three different geometries of the confinement potential and the three different cases, dielectric, paraelectric, and ferroelectric, studied here, are shown in Fig. 3 . In order to obtain more illustrative results and trying to compare QDs of similar volume, for the dielectric and paraelectric cases, the radius of the considered QDs was chosen to be r ¼ 10 nm. For the ferroelectric case, the radius of the spherical and cylindrical QDs is r ¼ 10 nm and for the conical QD is r ¼ 15 nm. This consideration is needed because in the case of independent QDs, the electronic distributions of the QDs do not overlap each other; therefore, it does not matter the volume of the involved QDs; however, for the ferroelectric case it certainly does. By comparing these graphs, one may distinguish that for a distribution of cylindrical QDs we get practically the same behavior observed for the distribution of spherical ones; however, the peak of 00 is higher for the case where we have a distribution of cylindrical QDs. On the other hand, one observes that for the distribution of conical QDs, a lower peak appears, shifted to smaller values of the energy loss for the dielectric and ferroelectric cases, while for the paraelectric case, this peak appears shifted to the right. Another interesting aspect of Fig. 3(c) is that for the cylindrical geometry, there are two different values of the loss energy for which, in a predominant way, the states of the QDs decay.
The behavior shown in Fig. 3 can be understood considering the characteristics of the possible transitions, consistent with the corresponding spectra for each one of the geometries of the confinement potential and their respective dipolar moments.
In the QDs distributions, the real part of the dielectric function is related to excitation transitions. The transitions between quantum states of the QDs generated by the interaction with the electrons of the beam lead to quantum states in which the magnitude of dipolar moment yields some characteristics of the dielectric response; it is the greater the magnitude of the dipoles, the greater the value of the dielectric function. In Fig. 4 , we present the real part of the dielectric function for the dielectric (Fig. 4(a) ), paraelectric (Fig. 4(b) ), and ferroelectric (Fig. 4(c) ) cases. It is evident from this figure that the real part of the dielectric function is sensitive to the geometry of the quantum dots.
A general an obvious conclusion which can be obtained from the graphs of Figs. 3 and 4 is that the geometry of the confinement potential, as well as the polarization condition, namely, dielectric, paraelectric, or ferroelectric of the distribution, strongly affect the behavior of the dielectric function.
C. Dielectric function for small damping coefficients
When the damping coefficient c decreases, the peaks in the dielectric function and the energy loss function are better appreciated. Now, we will discuss that when this coefficient, c ¼ 10 1 ns has a small value, i.e., for greater relaxation times, more detailed information can be obtained from the curves of energy loss function and dielectric function. The 2D inhomogeneous distributions we analyze here are the following: spherical and cylindrical QDs of radius 10 nm, and conical QDs of radius 15 nm.
In Fig. 5 , there are depicted graphs corresponding to the real and imaginary parts of the dielectric function for the distribution of independent QDs. In the first row, the distribution is formed by spherical QDs, in the second row by cylindrical QDs, and in the third one conical. In these graphs, one observes that under these conditions there appear two peaks in the real and the imaginary parts of dielectric function for the three geometries of the confinement potential. If a relaxation time of ( Comparing the imaginary part of the dielectric function for the distribution of spherical QDs (Fig. 5(a) ), with the dotted curve of Fig. 3(a) , we observe that the peak of the latter appears at a value of the energy loss close to the value where the two peaks in Fig. 5(a) appears. The same behavior is found for the real part and the three geometries of the confinement potential. From this, one may conclude that when the damping coefficient is c ¼ 1 Â 10 4 1 ns , the curves are envelopes containing the peaks of the curves corresponding to the damping coefficient c ¼ 10 1 ns . Figs. 6 and 7 show the real and imaginary parts of the dielectric function for the paraelectric and ferroelectric cases, respectively. In these graphs, one observes a peak in the real and imaginary parts of the dielectric function. These peaks are very sharp and appear close to each other in the paraelectric case, while in the ferroelectric case, the separation between them is larger. Comparing these graphs with those for the On the other hand, we also found that when the damping coefficient has a value of one or two orders of magnitude less than c ¼ 10 1 ns , the magnitude of the peak becomes higher and in some cases, there appear more peaks on both sides of the dielectric function. However, when the damping ratio is three or more orders of magnitude smaller than c ¼ 10 1 ns , the trends are more similar to that shown with c ¼ 1 Â 10 4 1 ns , i.e., a curve without structure, in some way meaning an envelope of the peaks that appear for c ¼ 10 1 ns . Again, in the ferroelectric behavior, our estimations about the effect of the damping coefficient could be overestimated by the mean field approximation.
V. CONCLUDING REMARKS
Electric dipolar properties of 2D distributions of QDs of three different confinement potential were studied theoretically. The dielectric function and the energy loss function were calculated for 2D homogeneous and non-homogeneous distributions formed by spherical, cylindrical, and conical QDs. The results make evident that there are noticeable differences in the energy loss probability for the various confinement potentials and for the dielectric, paraelectric, and ferroelectric cases. The loss energy function is also sensitive to the size of the QDs. The mean field approximation used here to explore the ferroelectric response of course is severely limited in particular in dealing with phase transformations. Nevertheless, these kind of approximations are capable to predict trends and qualitative behavior in the ordered phase provided far from the critical conditions. Therefore, our results indicates that, in principle, some of the trends here discussed could be detected by real EELS experiments. From here, one may conclude that by means of numerically simulated EELS experiments for electrons traveling parallel to the surface of the QD array, it is possible to detect in the effective dielectric response of the material, the resonances corresponding to the discrete spectra of the quantum dots and that corresponding to collective modes, as well as, the shifts due to the presence of regions with different geometries of quantum dots. Thus, this theoretical scheme could provide a tool to design and test the dipolar properties of tailored quantum dot distributions.
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